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1. INTRODUCTION

The object of this paper is to give a simple new proof of Timan’s [7}]
approximation theorem based on the values of the given function at the zeros
of Tchebycheff polynomials. The main idea of this paper is closely related to
the extremely interesting work of Bernstein [2], concerning a modification
of the formula of Lagrange, and to our earlier result [5]. Let

T, (x)=cosnf, <cosf=x (LD

be the Tchebycheff polynomial of degree n. T, has all its zeros in (—1, 1),
at the points

Xpn = €08((2k — 1)/2n)7w = cos 0, , k=12..,n (1.2)
We denote by

(G A el 2 S 1 60)
n X — Xgn

ea(X) = (1.3)
the fundamental polynomials of Lagrange interpolation based on the nodes
X . Bernstein [2] considered the following interpolation process based on
the nodes (1.2).

Rify 11 = ¥ 1Gou) pinl0), (1.4
where
‘Pln(x) — 3[1n(x) :‘ /2,,()6) , (Pn—l,n(x) : /n_l,"(x)j“ 3/,",()6) ,
(1.5)
Prn(X) = fi-1aX) + M’“Z(x) + fhinl) . k=23..,n—1.

Concerning R,[f, x] he proved the following.
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THEOREM 1.1. Let f(x) be an arbitrary continuous function in [—1, -+1];
then R,[f, x] as defined by (1.4) converges uniformly to f(x) on [—1, +1].

We aim to give a precise estimate of R,[f, x] — f(x) in the following form.

THEOREM 1.2. Let f(x) be an arbitrary continuous function in [—1, +1]
having w(0) as its modulus of continuity. Then there exists a positive constant ¢
independent of n, x, and f such that

RG] — 10 <efo (L22E) w0 (L) ()

n

Thus R,[f, x] as defined by (1.4) provides a new proof of Timan’s approxi-
mation theorem. Compare our proof with order new proofs (see [3, 5, 6, and

8.

2. PRELIMINARIES

For the sake of brevity let us fix # and let us denote x;,, by x; , £xn(x) by
Zk(x) and @, (x) by p,(x). From

in e =0 _ inﬂcosg— kain—
sin ——— = sin 5 5 — COs " sin 3
it follows that
. 6, — . 8, 0 O, . 0 . 040,
Ism—5——|<smicos§+cos—2—sm§—sm I 2.1

Since we can write

2 sin 6, _ 0, — 8 0+ 6,
cos§ —cos B, cot 2 - cot 2
we obtain from (1.3)
__ (—1)*cos nd 0, — 0 0, + 6
i(x) = o [cot 5 + cot 5 ] . (2.2)

From (1.5) and (2.2) we have another representation of (k = 2,3,....,.n — 1)

. (—‘1)k COS n0 Ok—l - 0 . 070 — 9 0k+l — 0
Pr(x) = 7 [cot 5 2 cot 3 -+ cot 5
-+ cot 9k_—12_-t_€ — 2 cot QL;—_-O -+ cot —9@;_—9] . 2.3
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On using the trigonometric formula

2 sin? ki cot o

cot (x + h) — 2 cot o + cot (e — h) = S (e = Wy sin(a ¥ 7) (2.4)

for o = (0, & 0)/2 and = = 7/2n (2.3) can be written as

() = (—1)% cos nf sin?(m/2n) [ cot[(8, — 8)/2]
PaA T n sin[(fx— — 0)/2] sin[(f;.., — O)/2]
cot[(6;. + 6/2)
Sl T T sl T O @3
A direct computation shows that
__ cos nf sin®(w/2n)(cos 8 + 2 cos 6,)
Pax) = n (cos & — cos 8;)(cos 8 — cos 6,) ’ (2.6)
and

on(x) = (—1)*+ cos nb sin®(w/2n)(cos @ -+ 2 cos 0,,) . @7

n{(cos 8 — cos §,_;)(cos § — cos 8,)

Finally we need (k = 2,3,....n—3,n — 2)

70+ ) = LI 116y 1 g0y, @9
where

2 cos(m/2n) + cos(0;, -+ 8 + (=/2n))
sin[(Bx—y + 8)/2] sin[(6, + 0)/2] sin[(6y,, -+ 0)/2] sin[(B,.., + 6)/2] °
2.9

L(®) =

(2.8) is a simple consequence of (2.5).

3. ESTIMATES OF ¢;(x)
Now we prove

Lemva 3.1, If [(j—Dinle <0< (mw (j=1,2,..,n), x = cos 8,
then we have

or(x)] <2172, (3.1)

fi+tl<k=jti<norl <k=j—i<j—1,
(3.2)

| P < 5
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|90 < gy fl=j—i<j—1, (3.3)
| a0 < e i1 <n—j+i (3.4)
900+ ) < g W+ 1<k =j+i<n, (3.9
| o) 4+ @ra()] <% fl<k=j—i<j—1. (3.6)

Proof. Equation (3.1) follows from (1.5) and known estimates of L. Fejer

(see [3]).
| ()] < 212, (3.7

Now we prove (3.2). For this purpose, we need

. 0, — 10 . @Qi—D7m _Q2i—1)
) sin ——— ' > sin n > n (3.8)

which follows from sin 8 > (2/7)0(0 < 0 < 7/2),(j — Da/n < 8 < (jm/n),
j=12..,n for the cases j-+- 1l <k =j+i<norl <k=j—i<
J — 1.Proof of (3.3) and (3.4) follows from (2.6), (2.7), and (3.8). Proof of (3.5)
is a simple consequence of (2.8), (2.9), and (3.8). Proof of (3.6) is similar to
(3.5), so we omit the details. This proves the lemma.

LemMMmA 3.2 (O.Kis[4). Let(j— Dajn <0 <jmjnj=1,2,...,n,x =
cos 8. Then we have

1 — x2)Lre

1 , . .

[ fOa) — f(X)] < 20
Ifj+l<k=j+i<norl <k=j—i<j—1 then we have

| f(x) — F)] < Se (_(Kl_—n’ﬁ)l_’i) + 130 (—”1;) (3.10)
Inthecasej <k =j+i<n

176 — )] < 4o (L200) 120w (B), )

andif 1l <k =j—1i<jthen

| ) — flxiy)] < 4w (Q—_f-zﬁ) + 20w (%2) : (3.12)
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4. PROOF OF THEOREM

Lemma 3.1 and Lemma 3.2 easily prove our theorem. From (1.5) it follows
that

f_ o) = 3 60 = 1. 4.1)

On using (1.4) and (4.1) we have

Rilf, x] — f(x) = Z (f(x) — f(x) @ul®) = ). un(x),

k=1

= Z ug(x) + i1(x) + w(x) -+ upa(x) + Z u(x). (4.2)

k=j+2

Of course, if j = 1 or 2 (or n — 1, n) the first (or last) summation will not
appear. By (3.1) and (3.9) it follows that

(! = 1 £6) — FOIl )] <22 [ (L220) 40y (1] a3)

We 7lllave similar estimates for u;_,(x) and u;,(x). Estimates of Z;;zl u(x)
and X, ;.0 Ux(x) are similar. Let us now estimate

T= kz (F) — F(x) @ul)-

For this purpose, we use the idea of grouping the sum in pairs. If the number
of terms in the sum is even then we write

T = (Uj0(X) + t3(X)) + = -+ (Up_a(x) + up(x)).
In the other case we have
T = (u0(%) + w5 3(x)) + -+ A+ (Upo(X) + t1,_1(x)) + un(X).

On using Lemma 3.1 and Lemma 3.2 we obtain

I(f(xx) — F) prx) + (f(Xpan) — f(%) @raa()]
= [(f(x) — FON@r(®) + @rera(X)) + (fxrra) — f(x)) preaa(®)l

S (ilfwf)2 [w ( . _nxz)l/z) T (7:_2—)] ’
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Hence we have

| T| < 167 [w ((1——ﬁf) 4+ w (—’:2-)](2 —(1—_1—1)2) L (44)

n

Here the summation on the right-hand side sums through the values 2, 4, 6,... .
Combining (4.2), (4.3), and (4.4) proves the theorem.
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